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(-| . Abstract 

Using the relativistic electrodynamics of continuous media formalism and main rela- 
tivistic quantum field theory principles the covariant Lagrangian of electromagnetic field 
\ interaction with polarizable 1/2-spin particles have been obtained. This Lagrangian let 

us to determine canonical and metric energy-momentum tensors as well as low-energy 
Compton scattering amplitude. The application of this Lagrangian for the calculation of 
^ \ the radiative correction to the imaginary part of double virtual Compton scattering is 

' demonstrated. 
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1 Introduction 



At present time, the description of the Compton scattering off hadrons is performed by 
nonrelativistic Hamiltonian function [1, 2]. However for the extraction of the more essen- 
tial experimental and theoretical information about hadron polarizabilities it is necessary 
^ ' to develop the Lagrangian of electromagnetic field interaction with polarizable particle in 

covariant form. 

The such Lagrangian was constructed by the phenomenological formfactor-based ap- 
proach in ref. [3]. In the present report for the construction of the similar Lagrangian 
the developed in ref. [4] approach is used in more consistently and completely way that 
allows us to determine not only the Lagrangian itself but the energy-momentum tensor of 
electromagnetic field interaction with polarizable particles as well as to take into account 
introduced in ref. [4, 5] spin polarizabilities of hadrons. 

One of the most interesting topic in Compton scattering investigation is the measure- 
ment of Q^-dependence of the forward polarizabilities [6] that can be presented as the 
imaginary part of doubly virtual Compton scattering (VVCS) amplitude [7]. 

Performing a such kind of the experiments it will be also important to take into account 
radiative effects correctly. Notice that FORTRAN codes have been already developed for 
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estimation of the radiative effects from lepton legs in elastic (MASCARAD [8]) and deep- 
inelastic (POLRAD [9]) scattering. Basing on these codes Monte Carlo generators for 
simulation of radiative events in elastic (ELRADGEN [10]) and deep- inelastic (RADGEN 
[11]) scattering was developed. 

Another interesting source of radiative effect contributed to the imaginary part of 
VVCS amplitude that considered in the present report is photon emission from nucleon 
line. Using the standard Feynman technique on the lowest order this process can be 
presented in the frame of the static polarizability contributions. 



2 Lagrangian 



The responsible for the interaction of electromagnetic field with a structural particle 
Lagrangian we present in a following way: 

Ci = -j,^^\x)A^^{x), (1) 

where j^^^^ is the current density due to a motion of constituents, vl^ is electromagnetic 
field four-dimensional potential. 

The current density jix^^\x) have to satisfy conservation law 

that allows us to to present it in the form 

where is an antisymmetric tensor. 

Let us introduce the relativistic generalization of the electric 

D. = GipU<^ (2) 

and magnetic 

M" = e'^P'^^'GljJ^ (3) 

dipole moment of the system. In the expressions (2) and (3) four-dimensional velocity of 
structural particle U has components 

C/'^{7,v7}, 

where 7 = , and v is moving media velocity. 

V 1 — 

In the rest system of the structural system the vectors and can be presented 
as a multiple expansion concerning the center of gravity [12] 

00 

L=l 



L=l 

where k, I = 1, 2, 3; Q^^^ and M^^) are multiple tensors, which determined from a 
displacement of constituents with regard to center of gravity. 
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Directly from (2) and (3) we can find that WD^ = 0, WM^ = 0. 
Taking into account the space inversion one can construct antisymmetric tensor G^^ 
decomposed over U", D" and Mi, vectors in a following way: 

Gj,, = U^D, - U,D^ + ei,,p^Um''. (4) 

From the other hand the effective Lagrangian (1) we can present as 

To avoid ambiguity of the Lagrangian we set 

= —GlF^^, (5) 

or by taking (4) into account 

jri = -^{D^e'^-M^hn, (6) 

where e'^, h^^ are express via the electromagnetic field tensor as e'^ = F^^^U^, = F^^^Un- 
In the situation when 

= Airani^e", (7) 



= 47^/3^,/l^ 



(8) 



and tensors a^'^ and P^'^ are represented in the diagonal form by using metric tensor g'^'^ 
as a'^'^ = g'^'^ttQ, (3^^ = g^^f^Q-, the Lagrangian (6) can be split into two parts: 



where Co = ~{e^ - h") = -^F^.i^'^" = -^i^' and 



-27r 



Inserting the Lagrangian (9) into the Eiler-Lagrange equation of motion 

d£ dC 



da 







one can find 



where 



(9) 
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From the equations (12) for media in rest the definitions of charge and current densities 
for bound charges are follow 



,(M) 



-47rao(VE) = -Attuq div E, 



(14) 



jW =47r(a[,5tE-/3^rotH), 



(15) 



while the Maxwell's equations for media have the form: 

rotE = -9tH, divH = 0, 



rotB = 9tD, divD = 0, (16) 

where D = eE and B = /xH arc vectors of electric and magnetic induction respectively. 

The equations (14) and (15) for media in rest can be presented in the covariant form 
by the introduction of the following polarizability tensor of media [13] 



where P and M are electric and magnetic polarizability vectors of media. By the definition 
they are dipole moments of volume scale. 

As a result the charge and current densities transform into 

j(M) ^ ^^p _ jyf^ p{M) ^ (Ig) 

while the equation of motion reads as 

^^,{F^'^ + G^'^^) = f (19) 

for moving media and 

d^iF'"'' + M^"') = f , (20) 

for media in rest. Here AI^^'^ is the polarizability tensor of medium (17) and j'^ is the 
current density of free charges. 

By introduction of the tensor [12, 14, 15] 

Qi^i^ = d^'U'' - d^U^" + s'"'f"'Upba, (21) 

with = e^'^Ca, bp = Upah'^ , the Lagrangian (2) for moving media can be presented as 



jr = -^F^'-G^, = -^ieee-hnh), (22) 



where e = I + Aira, p, = I + Airp. 

3 The energy-momentum tensor and equation of 
motion 

The Lagrangian (2) helps us to determine the canonical energy-momentum tensor. Indeed 
from the Noether's theorem follows 

Inserting (22) into (23) one can find that 

T^"' = -G'"'{d''Ap) - gf^^h^Fp^GP"). (24) 



Now we determine the metric energy-momentum tensor as 

fnu ^ _G^'P{^''Ap) - g^"'L + dpiA^G^P). (25) 
After some recombination of (25) using the equation of motion (19) we find 

ft^u ^ VQfxp ^ (26) 

Prom the relation (26) one could find the energy density for media in rest 



r°° = a; = ^(£E2 + //H2). (27) 

Now using the correspondence principle [16, ?] let us consider the quantum-mechanical 
description of the electromagnetic field interaction with polarizable particles. The electric 
and magnetic polarizabilities extracted from the Lagrangian (22) can be presented in the 
form: 

Ci = -27r{a'oF^pF^ ^ - p'^F^pF^ i')UPU'' , (28) 

where F^^p = ^eppa^F""^, £0123 = -1- 

To pass on from the Lagrangian (28) to the Lagrangian of electromagnetic field inter- 
action with polarizable 1/2-spin particle we perform a following transition based on the 
correspondence principle between classical and quantum mechanics. First of all instead 
of Pp we introduce a momentum operator acting on the wave function of particle —idpijj. 
Taking into account that V'T^V' is a- current density of particles, making symmetrization 
of operators and providing hermiticity requirement, relativistic and gauge invariance the 
Lagrangian of electromagnetic field interaction with polarizable 1/2-spin particle whose 
mass is equal to M can be presented as: 

>C/ = ^ [cxoFppF, ^ - PoFppF, ^] e'"^, (29) 
where Qf"^ = ^(©'"^ + 0'^'') is the energy-momentum tensor of spinor field and: 

e"'^ = V'- (30) 

The polarizabilities ao and /3o introducing in the expression (29) are used in hadronic 
physic and connect with the polarizabilities of expression (28) as 

"o = pao, (3q = pPo, 

where p is the density of particles. 

To verify that the Lagrangian (29) is correct it is sufficient to define Hamiltonian 
for interaction of electromagnetic field with polarizable particle and Compton scattering 
amplitude off' this particle. 

Now to define the moving of the charged, polarizable, spinor particle in the electro- 
magnetic field write out the total Lagrangian in the following form: 

£ = ^^d^- M'^i) - eV^I^ - - If^^G^^)-^'^'^. (31) 
Then the tensor (13) is determined by 

q{S)i,xu ^ _^|(cto-/3o) [^/^^e^.'^-F'^'^e,,'^] +/3oep^F'^''}. (32) 



Using the Lagrangian (31) and antisymmetric tensor (32) the metric momentum-energy 
tensor we shall define as 

f,^^ = e>''' + Fp''Ff'P + ^g^"'F'^ -^{Y^" + l''A^)'^ + Tr, (33) 

where 

f^v ^ uQ(S)f.p ^ 1 ^f,u ^Fp^G^^'^^P''). (34) 

One can see from the expression (34) that for the particle in a rest its interaction energy 
appearing from polarizability will be have the form [2] 

Hi = -27r(aoE2 + /^qH^)- (35) 

The equation of motion that follows from the Lagrangian (31) is given by 

d^Fi''' = e^7^^ + Z^)'^ , (36) 

where = -dpG^^^^i^" . 

Taking into account (35) the scattering amplitude within second order over photon 
energy will give the contribution for electric and magnetic polarizabilities as 



~ N{t) 



e * • eao + s * • s/3o , (37) 



where s = n x e; s'* = n' x e'*, e and e' are the polarization vectors, uji and U2 are the 
energies of the incident and scattered photons, n = k/|k|,n = k/|k|. 

4 Static polarizability vertex 

For application of the obtained Lagrangian to the calculations in quantum field theory it 
is necessary to define the vertex of photon-nucleon interaction. Following the notations 
of Appendix B of [17]. our Lagrangian (29) can be presented as: 

•' i=l 

xA''{xi)A^{x2), (38) 
where r'r are the four-spinor indexes (that usually dropped). Taking into account that 

a^5(xi,X2,X3,X4) = y (^(^(^(^«<x5(m,ft,P2,(?2) X 

X expi(pi(x - xx) + q\{x - X2) - P2{x - x^) - q2{x - X4)),(39) 



where pi and qi {p2 and (72) arc the incoming (outgoing) nucleon and photon momenta 
respectively (see Fig. 1) it is easy to show that 

aas{Pl,<ll,P2,q2) = -J^{Pl+P2hll''{<^0 - Po)[q2^S- " (l2^a][<llp9i^S - qivQps] 

-^^^2^ - qIKWms - qi^9p6\). (40) 



p1 P2 

Figure 1: Polarizability vertex 

Adding crossing symmetry state and multiply the result on i we receive the final expression 
for polarizability vertex that presented on Fig. 1 

r^a5 (Pi'9i'^'2,g2) = i{aa5{Pi,qi,P2,q2) +ascr{pi,-q2,P2,-qi))- (41) 

Here we dropped the four-spinor indexes. At the end of this section we show the following 
convolution: 

9?r^°/(pi, gi,P2, 92) = 0, qfrPj{pi,qi,P2, q2) = (42) 

5 Static polarizabilities contributions to VVCS 

The lowest order contribution of static polarizabilities to imaginary parts of VVCS ampli- 
tudes and the hadronic tensor of inclusive DIS as well are presented by Feynman graphs on 
Fig. 2. It should be noticed that contribution from Fig. 2 (e) is negligible 10^^ fm^) and 
can be dropped. Performing cut over dash line on Fig. 2 (a-d) these graph contributions 
to the imaginary part of amplitude can be presented as 



Im T = T{'el{q)e^,{q) J d&u{p) 



-plJ.i' a I p/ii^ b pMi' c . -pnu d 

^ VVCS + -*- VVCS _|_ ^ VVCS -*- VVCS 

(p + qf - M2 (p - kY - M2 



u{p) 



where 



= el{q)e,{q)Tir''' (43) 



rr/cs = VP°'^'-{p + q-Kk,p,q){p + q-k + M)Vi{-k) 

x(p + g + M)r^''^(g), 
^VVCS = T-'''{-q){p + q + M)Ti{k){p + q-k + M) 

xrP'>'-'^{p,q,p + q-k,k), 
^VVCS = rP''^'"'{p + q-k,k,p,q){p + q-k + M)T-^'^{q) 

x{p-k + M)Ti{-k), 
^VVCS = Ti{k){p-k + M)T^'^{-q){p + q-k + M) 



X 



T^^'^^^ip^q^p + q-Kk), (44) 



and r^'((7) = —ie {Fo^—q )^^ + Fp{—(f)i(T^jiaq°'/2M) is the usual elastic vertex. 
The phase space has a form: 

= J^A^mP + ^-k) -M)= e,^,^,^ = 32.3.^7A^ ' (45) 
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Figure 2: Feynman graphs for the lowest order VVCS amplitudes whose imaginary parts give 
contributions to the hadronic tensor for inclusive deep-inelastic scattering (DIS). The dashed 
lines show the cuts for imaginary part calculations. 



where we integrate over an azimutlial pliotonic angle (pk- Tlie invariants have a standard 
form: 

= -q\ S, = 2p. q, X, = Sl+ AM^Q\ r = ^-±±A. (46) 

k ■ p 

The Umits of integration over r read: 

'max/mm ~ 2M'^ ' V '/ 

The contribution of the presented above amphtude to the the hadronic tensor reads: 

+ ^e^""^ar?/3 Im S, + -^e'^-"Pq,{p ■qn/.-rj- qpp)lm S2. (48) 

Using the standard projection operator technique as well as the relations between the 
imaginary parts of amplitudes and absorption cross sections: 
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K ^ ^ V Q"^ K , 

vM K f Q \ M'^ K f 

I- ^1 = -;;2^4^ [^^^ + l^^^-r) ' ^2 = -^^^2^ [^TT - Qa,T) , (49) 

where v = Sx/2M is a ia6 virtual photon energy, we can extract KaT, Ka^, Kgtt and 
Taking into account the asymptotic hmit 

hm i^TcTT = Ka^T = 4^(^QEDT^\ao-(3oyFp{Q^)Fp{Q), 
Mm Kgl = 0, 

Urn KaTT = Kal^T = ^aQ£D7r'(ao - /?o)i^^i^p((3')i^p(0), 
u:$>Q,M 61V1 

hm KcTLT = Ka^T = ^«Q£;i37r'^^'Q((3i^D(Q')-2Fp(g2))/Jo 
i^X3,M 6M 

~3{Fd{Q^) - 2FpiQ^))ao)Fp{0) - 12(ao - 5o)Fp(Q2)F^(o)),(50) 

we can define the contribution of ckq and /?o to the forward polarizabiUties in a following 
way: 

oo 



a(Q^) + /3(Q^) = 2^/^^T^> "^^^') = 2^ /^^^^ ' 

I'D I'D 

OO oo 

7o(Q^) = ^^j^-TT^, ^^t{Q') = J Ka.r-^, (51) 

where JCaT = K[aT — cr^), Kcftt = K^gtt — (^tt) ^^"^ Kglt = K{aLT — (^lt)- 
dependence of these polarizabiUties for the proton are presented on Fig. 3. 



6 Conclusion 

On the basis of the relativistic electrodynamics of continuous media formalism and main 
relativistic quantum field theory principles the covariant Lagrangian of electromagnetic 
field interaction with polarizablc 1/2-spin particles have been obtained. This Lagrangian 
let us to determine canonical and metric energy-momentum tensors as well as low-energy 
Compton scattering amplitude. 

The present above Lagrangian was apply for calculation of the static polarizability con- 
tribution to generalized forward polarizabiUties in VVCS. Performed numerical analysis 
shows that: 

• the electric ao and magnetic /3o static polarizabiUties contribute not only to a{Q'^) + 
l3{Q'^) and aiiQ'^) but to 7o(Q^) and 5lt(<3^) as weU; 

• the behavior of ao and Pq contribution to a{Q'^) + P{Q'^) and a^iQ"^) agrees with 
the results obtained in other channels and presented by [7]; 
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Figure 3: ao and contribution to dependence of the generalized forward polarizabilities of 
the proton 

• the behavior of cto and /5o contribution to 7o(Q^) and 6lt{Q'^) are disagree only at 
low with the results obtained in other channels and presented by [7] ; 

• similar to [7] in real photon limit ^ Owe found that q;l(0) = while ^lt(O) ^ 0. 

In order to estimate the static polarizabilities contribution to VVCS correctly it is neces- 
sary to consider jei,E2,mi,M2 contribution too. Now basing on the corresponding princi- 
ple between the moving medium electrodynamic and quantum field theory the Lagrangian 
with this interaction is under construction. 
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